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s’FUDY t ) t - \ ’11Ut 1  GIIAI )IOME TFR TECHN I QUE S

!. INTRODUCT I ON

There a r t  t h r ee  m o v i n g  b ase  g r a v i ty  gr a d i om e tt r s  C u r r e n t l y u n d e r

ilt. ’vt ’ 1 opnie f l t  . ‘1’ he i ii~.t  rU l IS ’l I t  s are  be i um g d e v e l o p e d  a t  Hughes Resea re ii

Labs [ t e f , 1] , t h e  Bu ’ l I A er o sp a c e  C o u p .  [2 ] ,  and t h e  C h a r le s  S t a r k

I)r apu ’r Lab . .t , ‘I~ . ‘Flu’ di’s I gn  goa l  f or  each of the  sensors  is 1 E~itv ~is -

F u r t he r m o r e , 0 . 1 F:~~t v~ts (E ) .ICC iir’ac y s hj u l d  be !‘L as ib Ic f r o m  an o r b i t  ing

g I’ LIV i t  v g r ad  iornu ’t er  .~ 1 - The g r o u p  of in s t  r u i m m e n t s  inc l udes sen so r s

des iit neul spec i f i c a l  l y t o  measure  t i m e  g r a v i t y  g r a d i e n t  , as w e l l  as sen so r s ,

w h i c h  ut  1 I i  ~‘ u’ t x  is  I i  ng acct ’ler omct  ers  t o  p rov ide  a g r a d i e n t  e s t i ma t e ,

The Hughe s  and B e l l  in s t  r u m e m i t  ro t  a t  t ’ , t h u s  m o d u l a t i n g  t h e  i n f o r n i a t  ion .

f h i s  r o t a t i o n  t r a n s f e r s  t l ie g r a v i t y  g r a d i e n t  s i g n a l  to a h i g h e r  f m - i.’—

quenc y , q ui e t e r  p a r t  ot  l i i i . ’  sp ect  rum , and can  s e p a r a t e  t h e  s i g n a l  f r on i

susie sources of i n s t r u m e n t  b ias . The Drape r  Lab sensor  nmeasur es  t h e

g r a d i e n t  s i g n a l  at. . ‘~‘m ’o f r e q u e n c y and uses a s o p h i s t i c a t e d  f l o t a t  io n

su s p e n s i o n  sy s tem  t o  i s o l a t e  t h e  sensing e l,eiuenl f r orn e r ro r s  induced

by r o t a t  ion and ,j i I t e m - . A sy s t  em of a t  l e a s t  t h r e e  m n s t r u n i e a t s  of a ny

one typ e  is r e q u i r e d  in  order  to p r o v i d e  a complete  g r a v i ty  g r a di e n t

ensor  t ’st i ,n a t e , Of t e m m  t ins ’s , however , i t  is  p055 i b le  to ext  i-ac t a l l

t h e  i n f o r m a t i o n  t h a t .  is r equ i red f r o m  a si. ag ii.’ one of these  In s t  rumcn t  S .

The p r i n a r y  ob 3t ’c t iv~~ of t i m i pa~ i.’ r o r i e n t e d  toward  the  use of a

workab le  g r a v i t y  g r a di o me t e r  as a sens ing  e l e m e n t  in severa l  app l i ca -

t io n s , ar e  g i ven below :

1) To deve lop  m o d e l s  f o r  g r a v i t y  g r a d i e n t  a n o m a l i e s  and g r a v i  t v

a n o m a l i e s ,

2 )  To e v a l u a t e  s e v e r a l  m e t h o d s  of o n — l i n e  i n s t r u m e n t  bias  es t  ima—

1. i on

t )  To d e t e rm i n e  t h e  pe r i or imi an c e  of a grad i ometer  in  napp ing  l iii.’

e a r t h ’ s g r av i  I v f i e l d ,

4 )  To assess i n e r t i a l  n a v i g a t i o n  s y s t e m s  augmented  w i t h  a g r a v i t y

grad ionm ete r .
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‘r ime wor k under  t h i s  c on t r a c t , and the  work unde r  a s ep a r a t e  con—

t r ac t (Goddard SFC NAS 5—2 19 61) )  to evalUate the p e r f u u i l m a n ( e

of a geodesy m i s s  Ion w i t h  om h i m  i mug g ‘ad i omime te r s  have  soul t’  ov e r  l a p ,

espec Ia 11 v i i i  t he  g r o u n dw o r k  areas  of m l ist  m -ume n t  p e r f o r m a n ce  and c ap a—

b u l tt ~ ’ , and g r a v i t y  mode1s~ As such , we hope i t  w i l l  be v a l u a b l e  to

s u p p ly  some r e s u l t s  f r o m  w o r k  p er f or m e d  u n d e r  t h a t  cont  rae t i mm t h i s

Final Report .
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I i i  o ru l e ’  r I I)  cv a l  11111 e t i m e ’  cml pain lit  y of g ray i t y g r od i onie t ems , ox’

S V s t u ’I I I s  in whmc im l i m e gr av it ‘,‘ g m ’ a ( I i o I I I ( ’ I u ’ r  u s  an e s s e n t i a l  (L’OIflpOli(’flt

~-ome mm m od e 1 o t t he t VP C ’ i~ l i m l ~ U t 5 is r e t lu  i r e d . Sever-al of t he  1110(19’ t s

a re :

I )  t e s s ei ’a l  lia r n i o m i u t ’ 5011 , 15  ImU mm m g Kaula ’ rule [ 7~

2) tesst’ral l la r u l o m i i c  m o d e l s  using A l l z m m m ’ s m u l e  [ ~
1)  pot l i t  1 1 1 1 5 —  amid Ii lie sass imod e Is ,

1) eXp&’r i se n t l ilt V d ett’ m iiii ned se ’cI)mid— (m rd e ’r random process m o d e l s

One e a g I ve’n IiIouIt ’I m s c host’mm , t i l t ’ gm - l i  v i t at ion a  1 pat e’tmt m a I , fo rce ’ ,

and gm-ad m t mI t can be asce u-I a m m i ii . Time ’ choIce’ of wh mc Sm node 1 is to be

used m n a g m y cmi imp 1 enlt’nt li t  lo)ii dcpe’tid s on the d s’na In mc u-a mm ge of i t i t  crest

lou’ a giv em i s vs I i ’m (it liii.’ ii is in tilt-mi dependent on t i l t ’ S VS  t ern ’s speed

i- c ’ t a t  lv i ’  t o  I he ‘‘arm tm ) T i m 15 c a l l  va r ’,’ o ubs I ant i L l  11 s’ , fr om fixed 11U5

app  I m u ’ a t ion , t o s h m  p speed , a m  rp  I ~in e  speed , and f 1 H8 11 v , orb i t  a 1 speed

r u e  v a t - u  ou ms mode Is L i t  so t’ t s u l  I i m m d i  F f t  rem i t  ileg i’ ’’t ’ s of Complex i t  v ,

‘rim is , t 01) , I ln Is  I be ’ coils m dt ’ru ’d f o r  a n y  mu ’cham i i  L’a t m 0mm i n v o l v i n g  gray m I V

gi- a d  moin& ’t  t ’i’ s .

‘rim u s Cimapt ci’  ( ‘ 1 ) 111  I I  riM I lie e ’xp m u s s  t a t i s  fo r t i m e’  gm ’a v  m I v f o r ces  and

g i’ad l e n t  5 , ami d the i i -  c or r i- tat i omi based on v a r  i o m m s  gm- av  m t v node is .

A . 1’KSSEIlA I ,  HARM ONIC MODE t ~~

The rimos I ge - l i e ’ u ’a I e ’xp m’ i’s “i oh 0 i’ an a u - b i t  ra  I’ V t une t ion over  t i m e

sti r h u e  e of a sphere  I ha I s a t  1sf u es I he pot exit  i a 1 equal  i o n  i s  in  I er u ~s

of  t i ’ — SC’  ~~ 1 h a rm o n i c s , ‘t ’lie I esse u - a l  h a  rmonic exp a n s  m o n  of  t h e  ea m- t h ’ s

g i l l  V & I a t  lornu I p~~t cut  III ! IS

Li ii \ —

\ ( r , , , \)  ~~~~~~~~~ — 

~1iir L ) ~~~1~
( 5 t 1 m  ~‘) [~

‘
~~m u-os Iii\

s i n  in\ 1 , 

( 1)

.-‘.‘---—-

~

-————.‘-‘---‘---- ‘-‘—-

~

—— . —‘ __ —.  — —-  — —-.-—--.————‘—-. ..-



slie r , ’ ( r , 
‘
~

‘ , \ )  is ( iii’ pus i t  iomm of a t u’st  p0t m it i n  t e rms  of the .’ sphe r i ca  I

t Ot )  rd i nn I i ’ s  i-au I us t a t  i t  ude a mat long i t  ude . GM H = r a d i u s
I L ’  If’ (P

C) I t ime’ &‘a i • t  Sm , P (
~ 

) are  norma 11 j ell assoc b a t e d  Legend re pol yn ol iu ia  i s
— — 

l iii

a n t i  1’ , 1111 ( 1 S , a i t ’  noi’~na 1 i ied t t ’sse m l  ha rmonic  c o e f f i c i e n t s  aim i.e ii
1 Til I Ill

g i ve ’ I he ’ anuount  of  t ’ac ii iuo rm olu mc  p r e ’s c mt t  ; I lie 1W m l  u r b a t  ion pot eat i a 1

d Ut’ 10 LI pa i• t Ic t i l m i  r ha i’iiiufl it - i s  s i m p  1 s’

v —
~

-
~ (~~~~i~~

) P . ( s i m m  ‘, )  J ( 2 )
~
‘ iii r \ I- I flu I ifi

wime u- e

iii~~~~~~~ m

an t i iii a r i t  i ng ( 2 )  , t ime phase i miforma t ion is los t

1 si i nu at es of t ime I l m a g n i t u d e s  of  t I me ~T (
’s are g i v e n  by K a u i a  [7 1

ammd A l l an  [8 ].  K a u l a ’ s f a l u m i l i a r  r u l e  of timu inb for J , is
I flu

(3 )

w h i l e  A l l  all ’s inu re con ipi  i ca t ed  iorm tm l a is

\ 10
10 

(0 , 93)
H 1  ‘2

(21’ + 1) \
2 ’ 4 3

A l t h o u g h , d i f f e r e n t  in f o r m , both foi’inu la s agree qui te  c l o s e ly  over

h uge ranges 11 f t lie subsC m’ ipt , and w i t h  nmea sure d va lues  of t ime

t es s er f l l  h a r m o n i c  c oe f f  ic t e n t s .

W i t i m u ’ st i i n a t e s  of  t h e  n i a g n t t u ( l e s  of t ime  J . i i i  (3)  and (-1 ) , i t

becomes p o s s i b l e  t o  e’st i ma te  t ime m a g i m i t  ude of the  p et - I  u r bat  ion p o t e n t  i al

m ’ a nil imen ce of  t lie fo rce  (1) and g r a d i e n t  (
~

) pert ,  u i -ba t  i o n s  , s ince  

~~~~~~~~~~~~~~~~~~~~~~~ —-- 



(3 a)
‘4r

t u tmul

~~ ( 5 b )

I f  tue t u r  t h e  1 a s S  mil l Ie  t h a  t t i t ’  p 1 1 1 5 c M  of t h e  ha  mii ’on i cs are  r a n d o m

I lIce ) ‘s( ’s puss ib  Ic to  obt a i n  c los ed— fou ’m B~~Pi 0X 1 111,1 te express  ions f o r  t i m e

v ar  i Immi c e of t ime p e r t  u r b at  i omm f o rces  , t i m e  v a r i a n c e ’  11 f t lit’ pe r t  urba  t iou

g m ’ a v l t v  g rad  i e ’ x i t  , amid t i e  c l v a m ’ l :ummce  of  t im e  p c m ’t u r h a t  ion fo r ce s  and

g r Li d it’ HI S due to I. he t i ’s s u ’ ma I ha rn lou l I Cs .

The t o t  at variance 1 the f , l  m e t ’  is computed  fo r  a rep r e s e n t  a l i v e

l a rc e  co~lmp oui ent  ( 1 )  v i a  k a u l a ’ s i’ tu t& ’ , 11 is g i v e n  b~’

‘C “ 2 2C E ( t ) 
~
‘ 

~~~r 
)~ ( i n  sec ) ( h )

a tu e m e  
~
‘

1 
is t hit ’ m - a d  1 a I t o  r u e  pe u t  u i - b a l i  on d Ui.’ t o  t I me I~ t i m  1 111 l’ lno ti ic

l it’ ex t  i’ ll ‘ m u  (6 ’  is  di me.’ t o  t h e  f a c t  I lu cre  a u-c I’ d u s t  i ne t  ham - m u m m i e s

IS = 1 1 o ‘ ) to t ’ a p a r t  i cu l  am I’

t s  obt a t  tied as the  m d  i~u l  dci’ iv a t  iv e

—

~~ L~ 

(

R
~~~

)
~~~~~~~ (S in  ~~~ 

~~~ in 
( 7 a )

SO

—
~~ g(~~~ )~~~

2 
P ,

51
( si rm Z’) ( 7 b )

since
Li H

‘P l ull
i’ t.

where  g is  t u e  g r a v i t a l  ion al  a c c e l e r at i o n  a t  t he  s u r f a c e  of t i me e O u ’ t i m .

S q u a r i n g  ( 7 ) , i n s e r t  1 1mg i t  i m m t o  ( 6 ) ,  us ing t h a t  P~~~( s i m m  ~‘) 

~~b y du’ f m i  t ton , iund us i rig Kau  I a ‘ 5 u-il Ic f o r  ~ m , 
we obt a i i m
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i : ( f ~~) 2 ~ l t ) ~~~~ g 2(~~i )
4
~~~ ~ C ) 21

L’~ ~~~~~ ~ t o~~ ~(~~~)
2

~~~ h l ~~~ C”) 2 
— 

(

~~~~~~
)2 

1 

( S b)

An i d e n t  i t ’ ll I app roac  ii 1 c~ t l .~ to c I used— fo rn i  expu ’es s I  on fom’  t i m e . ’  g i - ad—

ie r i t s ~ The m’e

~~~~~~~~~ 
P . ( s l u m  ~

) J ,
i t  i’ 1 111 I ill

2
a li t ’  re’ ii ‘ 1. 

r Its I il g

2 2
‘1,., ~~~~~~ ~

‘ ( m r Y ’  . , ( 0 )

e v e n t  wu I t  , tu s  tn g  K au l a  ‘ s rule ,

= 2 ‘~ 11) 10 
~~ ~ ? C:. ) ( I l l )

— ~~5 2L~~ 
C ) 2 1 

J
\ l i i  xi

S ub st  i t  ill i Oi l  of A l  I a n ’s m u l e  (‘1 ) h i t  0 (~1) g i v e s  a sI  m g iil I y more

cumbt ’rst ~rn ’ Se m i t ’S lo SUII i . ‘ r u e  me ’s m u l l s a me

12. 2 x I t )
_ 1  ~ 

g
2 

~~ (I t . o~u 
R ..5)2~ 4~1 

( 1 1 )
8(0 .93)

so 1 . 28 \ 10~~ g 
X

\ l - x

tuhi ’ t ’ i’ x (
~

. ~ 
1 1)

2

-I ’-

_ _  _ _ _  _ _ _ _ _ _ _ _ _  _ _ _



Sm I i  1 , 1 1 1 y

12 .2x11 ) ’° (O , 93)
t
rm

t 
~~~ i~~(0.9. ~i) (12)

g

— 5 2 x
2
(4 — :;x ~ x

2)
1 .l l \ l O  ii

(I — x) ’

shu ’re

(o.i:i~~±)
2

‘ri me mt’sul ts at K js . (8), (10), (Il) , and (12) are plotted in FIg . 1

I .  shows the  s tam idar ti dcv j I l t ion of the force pt-rturbat t o i l s  amid gma d i exit

p e . ’ r t u r b a t  i ons  at v a r i o u s  a l t  i t  odes . Fi gure 1 also sho~ s that as the test

p o i n t  appm’oac lmeS t ime e a r t h ’ s s u r f a c e , t ime s t a n d a r d  d u ’ v j , I t  ion of the ’

gradieim t using Kaula ’s rule b lo l i s u p ,  a ph enonmena t h a t  p h y s i c a l l y  does not

occu r , A l t h o u g h  K au l a ’ s r u l e  is in  Coiliin ofl use , it evidentl y does not

at t e n u a t e  the h i g h  f r equenc y components  r a p i d l y  enough to  produce a f i m m i t e

s tandard  d e v i a t i o m i  at  t h e  sur f ace  • Al l a n ’s m’ul e does p rov ide  for a sore.’

r a p i d  at t enua t  ion of the hi gil fm-equenc y components , due to t ime.’ presence

of the (0 ,93)
1 t e l - ill i n ( 1) , an d does r e s u l t  in  f i n i t e  fo rce  arid g r a d i e n t

v a r i a n ces ,

One u s e f u l  f e a t u re  of the  c lo sec i—f orm s olu t  i a m m s  of t h e  st a n t l a i’d de-

v i a t i o n s  is the a b i l i t y  to determimie muh at amount of vll rjam ice’ is due to

di ffereimt portions of the spectrum . A particularly simple example is

obtained fronu t h e  force components in (11). The analytical expression

fo r  due to im armo imi cs above some degree k is easil y found to be

1 , 28 x 10 
5
g \ X ”2 l — x where  a g a i m m  x = 0.93(R ,/m )

2 
. Near tile SUm—

f a c e  of t ime cam - I H , t imen , the  p ei’cent  of v a r I a n c e  co tmt  r i  but  ion due to

ha ri n oim ic d i g  ccc g r ea t t ’  r than or’ equal  t o  k is given as

k+ 2
x
l — x  K
2 

-

x
I — x

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _



( s  ~~~S

g COLUMN
10~ 1O~ - _____ E COLUMN

— — 

101 ,~ -5 ALLAN

100 -

1O~ 1O~ I m 10 m 100 m 1 km 10 km 100 km 1000 km ~OOOO km

I’, I ) l i I l l i n e  i s  E~i t v5s un i t s  c o l u mn or o r d i n a t e .
Dasim limit’ is g columm i ui ord i na t e .

FIG . 1 1 r VALUE S FOR FORCE AND GRADIENT PERT URBAT I ON S ,

-8-

— — .~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ - — ‘  . ‘~ ~~--~~~ ‘—~~~~~—~~~~~~~ ‘~~~ — -. —-



~

wime ml’ x (0. o:t )~ I l l  0 1 1t h’ t o  a c c o un t fl u ’  o n l y  5 I Y ~. o f  I Itt ’ i)o i si , a

node 1 of i’ m f ill i i ’g l i i ’  ( — ~ :10 t o i l’ f i t ’ me r Its ) is n’et 5uu red , f o r  ~~~ of

t I l e  imw se 10t h (~~ I l ( )  t’ tc ff i c u e u m t  s) dt’gr- t’i’ , e t c  - ‘t i l t’ g r - a d i e i m t  t ’ o u i m p l ) r m i ’ u m l  5

at t ( ’ m l t t a ( e -  ( ‘ V e il It’ss I ,i 1 iiii I V  I ’ ( ’ I j U  I r i u i g  a im &‘ V~ ’il iii gimi’r oi’iit’m miludel - ‘I’tm us

c u t - t a m  Ii  l v  p r l v i ’ ~ l i la  I arm i in pm’ o v t ’t l  t i ’ s  t i-u I ha r m o u m U’ I l l t ) d ( ’  1 of t i m e  t a r t  ii

S i i l) t  t lit ’ Wa\ II ) g t ~ l 1 ou’de m~ I )  I m p m - ov e  u m a v  i ga tom lI~~ i ’ l l  rae y dUt ’  I. o I lie

h i gh tb’g i’ t’i ’ I l l  t i l t ’  l l I I , I l t ’  I r’ e ’ q u m  m i i i  I t )  ~ i V i ’  ( ‘Veil 1 1 5 ) 1 1 ( 5 1  1 I I I p r o V e .’I l I en t

III oi’tit ’r It) t’ oIllp l m ’ i ’ re’S I.iIt S I ll i t t h e ’r  1III)dt .’ l S  to t h i s  50(1( 1 , 1 in ’  c l i m e ! —

I t  fo i l  t - o t ’i ’ t i i ’j i ’ i l t  5 b r  r , 1111(1 ~ , Lli id fom - 1’ — F’ , , iui d g
I I ’ i  ‘s r

eonm pu ted  ou m t he has  is  of t i m e  t u s su ’  i-a I ha n ’ m I , r m i c  mode.’ I a’ i t h r z l m I d o I I I  phases

‘t hese c o r r e l a t i o mi  t’ o i ’ t ’f i c i v u i t s  a r t ’  g i  y en  be l ow imet~r’ l Ilt’ i ’ L I I ’ t i i ’ S s u i ’ f L I t ’ t ’

I ; ( ‘ ‘ , )
‘ I u 0 , t ’ , t

~~~~r l : (  
2

)~~~~,;(g 2 ) i

amid

i ’ m ’  
— 

,
_________________________________________________________ — — II I

—

it , l’O IN ’i’ MA SI ~l N l )  LIN E MASS M I * l :~

‘I ’lme po i i i  t 151155 1111(1 1 i mit’ 1111155 T l I t ) ( i ( ’  Is luppi ’ox m nu ll te l o c a l  g ~ lt V i  I V
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A slmp i I f it - i 1 1 1 , 1 1  V 5  I S  l I t  1 p I l l  l i t  t i I stm rrbarm ce b e g i n s  a m  t i m t ime assunup—
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F’IG , :t LINE MASS MOI)EL

‘fhme di sturbarmct’ potent, bat V is sinmu ply

V —2 
2 2 2 ~ 

_ 2J~~~1L (IS)
0 (x ‘+y -i z ) ‘ 0

where now I I  is Li mass per unIt lt ’migtl i , (Note that V in  ( 1 8 )  is

rldepeildent of i , ) Exp ress ions fo r  t ime fo rce . ’  and grad i e’nit express i on are’

ag,l i mm obtained
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p1) jilt 5855 nmode is , i t  is sib Ii quite lii gtm Pet-Im ps it is appi-opr In It’
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I lie values given b y  1 1 mit’ mass 1110010 Is arid titi tIlt 1111155 hlioult’ Is , Aga iii ,
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Arm obvious aiiv arit age u)f t Imese oor ue in t ton In l , le  is oven- d yna iiltc rllod t ’ Is

o f  t ime eam ’ t ii ’ s gr av l  t y grail ieumt perturbations , clef lec t ion s of time verl teal

ant i  p e r t  uu’ b~mt L arm f l i r t - c’ C ompomme lI t  s , is t Ime Si lIly L u  c it y , A d yuma nimic model

m t i v o l v e s  ea r- t im s ur v ey l im g  t o  “fit ” pa rame te rs i n  t im e model , w h i c h  Inhi S ’

t h e m s elv e s  v a t - V substant tall y over  di fferemmt regions of time earth ,

Ai m added advammt age  is I hat I hit ’ corm ’e la t  I on models  do mmot t h y .  1 ye ‘‘ aug—

m em i t  i ng t ime s t  L i l t ’ of (l ie  S ys (Vnil , as do the d yna lnic mode l s .
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Chapter III

BIAS EST I MAT I ON

Regardless of the eventual  use of the g rav i t y  gradiometer , some t ype

of s ignal  processing w i l l  be required to minimize the e f f e c t s  of one of

the largest g r a v i t y  gradiometer errors: an unkn own instrument bias .

As w i l l  be discussed in Chapter  V , a gradiometer bias has the same

e f f ec t as a gyroscope d r i f t when used in an iner t ial navigator , i .e .,

t hey both prod u ce unbounded posit ion errors with increasing time s When

the grad iometer  is used as the sensor to per form geodesy expe r imen ts

from orbit , the gradiometer bias produces a bias in the estimate of the

dominant term of the earth’ s gravity f i e l d .

This Chapter contains a stud y of several attempts to eliminate the

gravi ty  gradiometer bias error s

One greatl y s impl i f i ed  model of the bias es t imat ion problem is

given below , A single (rotating ) gradiometer supplies two pieces of

information of the gravity gradient at a point , the difference of two

princi pal elements of the gravi ty  gradient tensor and one diagonal corn—

ponent . For example ,

z
i 

= x
11 

— x
22 

‘ 
-

(20)
z

2 
=

A set of three such gradiometer s pointing in orthogonal directions

along with Laplace ’s cons t ra int ~ q,uation (that the sum of the diagonal

ele ments equal zero) is sufficient to determine the gravity gradient at

a po in t ;  i .e ,, the problem be low:

—17—
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- x
ll — x 22

- x
12

Z
3 

“ x
22

x
33

z
4 

x23

or z = Hx (21)
z
5 

= x
33

— x
11

z
6 =

z
7 

= x
11 

-I- X
22 + x 33 = 0

is invert ible , and hence solvable for x in terms of z~ (It is not

i nv ~’ t u b l e  without  the constraint equation z 7 , )  In fact , ~ = (H
T H) u

H
T

z ,

Even i f  random noise v , w i th  covarianc e r , is inserted into each of
1 a

the fit-s t six equations in (21), it is possible to obtain a least—

squares estimate for x in terms of z. In fact , ~ = (H
T

R 1H) 1H
T

R
1

z

and the variance of the estimate error P = (H
T
R
_1

H)
_l
. Since z

7 
is

an “exac t ” measurement though , either infinitesimal values for the

correspond ing element of R must be used and a limit process applies

or else the matrix inversion lemma (10] may be used . The matrix inver—

S L Ofl lemma can yield the improved covariance matrix P from the covar—

tance matrix P’. P’ is the easily computed covariance matrix which

does not include the beneficial effects of the exact constraint equation .

The formula relating P to P’ is

P = p e~jT (jjp t~ T )
_ l

j~p ,

where H reflects the constraint equation structure that

x
11 + x 22 + x 3 = 0 = lix

so

= E l 1 1 0 0 0 -

-18-
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‘(‘lie advantage of t h e Iliatrux inversion leinilla procedure is timat it

comp le te l y avo id s  t i m e  ii m i t  ilm g proCu’sses meum t I ommed cam-I i er .

~cow consider tu e pu-oblenm of nugmentirig the state vec to r  w i t h  con—

9tant but ummkrmown biases , 1 bias pci’ gradiometer , Now

‘1 
x
1 

— x
22 +

+ b
1

‘:t 
X

22 
— x

33 
+ b

2

4 23 2
l x i

z H ’ ~~
—_—

~~ (23)
7 x , — x  + b ,, L b ia _ 13 11 a

- ‘ x + b6 13 :t

~7 
X

1 
f X

22 
+ X

TI 
= 0

anti III t lmou gi l  t i m e . ’ suni of t ime biases b
1 ~i b

2 
+ b

3 
is o b ta t  imab le (t’rumiiu

“I 
+ ‘2 ~~~~ — ‘i. ,) , i t  is impossible to obtain amm y othe.’i- combination of

t h t ’ b ia s e s  ( i n  p a u ’t m c u l a r , t ime individual biases) and , timerefore , it us

i mpos S L hie  t o  s c 1 vt’ fo r  x -

‘l ime only tmset’uI u ’esu lt s  fm - tim (23) are obtained if there is some

a prior i estilimate of the biases , tim this case , t he usual Kal man f il ter

(ecimniques will allow foi’ estimates of x to be obtained from noisy

Illcasu t enuent s , however  t ime condit toning of the pm -ob l em is of course de—

pentienit, omi time inmti al accurac y of b • If  t~ is the imm itial mim fornia—

t i o n oil time augmeuitcd state (P
0 

1
0
1
), t hen  the update  e q u a t i o m i s  a r e

simpl y

-1 T — lx 1 x0 4 ( I
i

) H’  H z

(23)

L
I I ) + H’

t
R

t
hI’

where II’ is time measuremimenit matrix for the augmented s t a t e  v e c t t r ,
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a mm ti H time. ’  c o c a  i’i aulce ol t ime . ’  I ncas uu - e ln e n t  at - c ui-ac y -

fl it ’ iu tvimnit agt’ cit  t ime i n i t i a l  u u m f o r i n a t  i e ) m m , 1~~, is  evident i i i  time. ’

St ’co umei equat  m on .1’ ( 2 3 )  , Wimem -eas ~ 
,T11 ‘H’ i 5 no t  m m l y ent ible - time.’ 5(1111

10 ‘4 II’ ~i( ~11’ is I im vt ’r t  I bit’ amid h e l m e t ’  t h e  i umverses appeal- t rig il l time e.’s t [ mi ~~

ate’ upd a t e  equat io n  ar- c’ valid .

Ma rt’ sop im i st icate’d scimeiimes f o r  est irima t t rig time hi uses nuake use of

(I vs ~mm Ic ii oe.1 e’is of the.’ s vs (emil , as opposed t o  time mode.’ i iii aim i cii bot h l ime.’

g n~tii i em i t conipolle.’ umt s and tIle biases were coums tau t 5 , 01’ c o u r s e, ~ i nce L i i i

a p u’m tim- u node.’! of e’ m t lien- t lit’ i i m e asux - en ue’ hi t  ou- time.’ SI ate presu mt’s add it 1 ouma I

t I m I omlna  I ion is ava i [able , m t sh oim Id be expec t ed  t h at bet (em- m-e ’ i’-u l  t s co u ld

be’ obt a m  lie d at t i l e . ’  expense’  of add i  I l O u t 1 COI l lp l  e x i t  y -

‘rit’o a d d i t i o u m a l  b i a s  t ’st i inat iou  sc im e . ’In es  w i l l  be d i s c u s s e d , ‘rim e t’iu’ st

iuu ake ’s  use of time fact t h at t ime b i a s  i s  f i x e d  m m i  t h e  instrulilent fmaIIIe - whi t Ic

what t hu’ gu-ad 1 onle t  t’r nmeasum- eS wi 11 genera  i i  v be I’ i xed i i i  an i ume. ’u-t tal f r’amt’

Ro t a t i ng  time. ’ spu n a x i s  of t i m e . ’  g r a t l l,oIlIt ’ t e’r ’ should  t im e. ’ r m d i s t i h m g u u s l m  bt’I weeim

t i m e ’  g i’atI i t ’ l l  t c u u n po n i e nm t  s amid t Ime b mas t C n ’iiis , Th e.’ see eiiid net  h o d  aga i n

tim sI i umgu i  slit’ s b e t w t ’ e m m  t I m e  g u - a d i e n t  co l im p onmei mt  5 ammd I hu e b i as I em -n u s bimt t mow ,

m iii ’ mee.’hall [S I l l  IS via a nOde 1 of t ime ’ gradient pert ui-bat t o i m s  - TIm is i s  w h e n - c

mtic ii of t ime slat e’i-  i L l  1 from Cii , I c ami be’ used

Beg m h i n m r m g  f i r s t  mc it hm time i’otat jt)II St’bie St’, aim ex p m ’e ss io n  f o r -  ~~~, t i le

gi-adjeult tensor is

~‘ i’ rt I  12 13

= 

~
“
l2  r22 r23

r13 r23 r33

Assun lim ig the gravit y gm-hldjolnet e.’r spi n axis i S  rot ated about time 1 ax Is

~~
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I i  Ii Ice’ hav e -  t li e ’ eouis t n-a m n It e.’qlla t l o u  - L 
~1 11 + 22 + - 0~ N ‘I e’

t hi L l  I !oi I I ) , t i m e ’  I i me’— v a ry  m utg hi mum (24 ) agre ’e ’s it ’ll ii t h e . ’  I I  i i i

( 2 3 ) ,

t’i m e ’ s t  a n i d a  n - mi ti’ s i for ’  ob~ t’ rvabi l i t  v ca’m be p e n’ f ou - ll le t l on I he ’ 11181 m i x

i i i  (21 )  t e l  del ( ‘ l ’ I I I i  lie’ t i m e . ’  I l la X I lIlt 1 u-tril ~ of time.’ sla t u’mx

[I

El

C

I t  I ti i~uis O u t  t h a t  t i l t ’  l I l L i X i l i l t i  u - a i m k  of C t S  7 , 50 011€’ iiiodt ’ us  s t i l l

not  ob s e . ’r v ab  It’, Aei tl It i ouma 1 a lgcbl’a v jet u s  time.’ mes tn it I ha I I lie smode

— 

~~~~~~ 

is not obse rvable , but that 2 3 b
1 + Tll 

is observable’. W h a t

t h~~s s ac ’s i s  t h a t  m t  i s  s t i l l  umo t  p o s s i b l e  t o  d i s t  m u i g u i s i m  b e . ’ tw ech m 
~~~~~~ 

Lu ll1

b , ‘t ’ i m i s  r e s u l t  is easi ly explainabl e since time gu-admolll eter spium axis

uit’Ve u’ hi1ms ~i v e u- t mt -a l eoiliponient w i t h  t ime.’ s I u g l y  axis l ot  at ion schem e We’

ha v e t- aims m d c  red l ieu - c’ , Howeve r, if a t cc-a axis rot at m omi se- imenie ithe me time ’

s p m  Ii 1l~~~i S  of  t he ’  g m ’ ad i o l l l e t e . ’i’ s p a l m s  a l l  d i r e c t  i o mi ’~, a l l  t ime  pam - a i i ic te .’i- s LiSt’

obse u -vim b i t ’ , am i d lie ’ hiC~~ t lie grad i cii I t ’oinpo uieu it  s arid i lid i vi  (lua I b i a s e s  are. ’

obl iii n i m b l e  fm - t’tiim ,

A prob  1 CIII W i t  Ii t i m ~ c Omit Il lUOul s r ,,m t  at t Ofl SC hCllle s y e t  I o be dt si us se 1

i s  t ime.’ u l i t  roid oct t oni tif a gu’ad tent field due to t ime. ’ km l ema I it’s of tim e.’ r~ ‘ a—

t i l l  1 ( Se . ’  I I ’ , ‘fime vec t o m  f o r m u l a  f o m -  t i m  i s  i ndmiced g rad i c u t  I m e l d  m s

d 
~~~~ 

-~ -
~~~~~ 

-+4 ~~~2
c, ( ,  x r )~ = ~~~~~ — I , , ,

lit IWO oh ililCuiS I aims t he g l a u i i ciii  t i e  Id reduces  t o  s inmp l  ~ 
2 I f  t i me ~~I um

L i x i s  r t i t a n e s  as s t o t i l y  15 2- ’ 50 sec , t ime meqmn i t-eti accun-acy of t h u s
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S I 1 11 , some use earl h,e !i,lllt’ of t h e  p r e c e d i n g  ana l  ys is - Ti me f a c t t i m  a t

Li [1 time. ’  s ate’s and biases ~i I C  ob se ’r v  able w miii t ime c o u m t  i m m u o u s  tw o  L i X e ’ ~

u -a t  i tt  ion St’hmelne means tha t a i t b  a s u f f  ic meat number oj’ discrete measure—

ni emit  ~~0 i l i t  5 , t Ime Same i u m l o r i n a t  i on wu 11 be ava i l a b Ic , Tb is calm be Lmccon~

p 1 u s h e e l  t i m  -ii ,’v cx ’a l  W L I y S , One scilelile is to calibrate ” t h e  g m a v i  y g r a d  i~~—

suet i’m- at a fixed pus i t iomm , in s evo ’r a  1 or ient at ioums t a obta mum t ime bias - I I

t h e  bias us tI-u I y c o u m s  ( a n t  , thue ulli t could th en be used at lie ’S l oc a t  to l l s

w ith the pi’t’dt- ten-i ii iumed value of t ime bias , A second sc h m e i i m e  i s  t o t  S i  m i i i  y

repeat seas ui’u ’llle umt s w i t h  a nov i ng base gI’av I t y gm’ad i omete n am  thu t ime in s t  mu—

me.’n t or m e n t  ed m u m  d i  f fei’e,’im t d i  u- eu’ i o i l S , For examp le’ - i n  a s u u ve y i m~ i i i  ss i o n ,

i t  them’ cc i t im aum i i i  rplaumt’ om’ sate. 11 1 C , i t is possible’ to r e t  I-ace’ Li ground—

t m-ac k aim i Ic imaki umg f l e a s  ul ’ct ’Ie.’nt s jIm ( t i m m e e  ) di  f f e u ’ e l l t  01’ e u m t  at i i l l s  - ‘rh is

dcteu -m i nt’s time bias and states 1)11—li ume.’ , i n  w h i c h  c a s e  time.’  e f f e c t S of b i a s

dr i f t  c-ould be n i  II m i  ~cd

Time secouicl sc ime i i me  f o u ’  c l i s t  i i i g u u s i m i ng t i m e  gm -a d  m e u m t  c o l i lp o u m e n t  s f r o m  t i -

biase s is v i a  a e l v r m a i i i i c  model  of  t h e  g i - a d i e u m t  c omp o n e m i t  s , A si np l i f ica—

lIon of a m odel I a  appeau- in a later ch apter appears below , Aga ilm , let tin g

x denote the grad i eum t coumpoumeum t s , a Ii ume au- d vlmanuic node 1 of x won Id li-

= Fx “cc colic’ i-c a is a m ’auudoin process , S i n c e  b = 0 , t i~t~ i t ’ i S  ag’a l l i

‘a nec b a l m  is  in f o r  d is t u h g  i m m s  iii umg x and b , A d j o i n  i umg b t o  x

H 
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m’ae i m a i m s  of eu’b i t  , Itt’w n-it i 1mg ( :32 )  , w~ im Live

2 
~ ~ ~tC-~

2
mi’

~ 
2ii

I I I  = ~ t + m ) ( ~ +2~ (t ’  i t  ~ (~
) ( ‘ f)  1nI ~ mn\ ~ ~o 

i
~im

( S i I l
~
V

~
l
~ t t m

( m i i i ; )  Ct) S 

( 3:3 )

Un It’s s = -~ ‘ I he’ jul e g  i a  I m u  ti ) is Ic ’ Vø , Wil e Il - ‘ , t im e’ VL I  l i l t ’

of l iii’ i u m t t ’ g m a  I i i i

2

( 2 —s  )
Oni

Si) I I s  ( i i  L i g e n u L l  1 arId t ime’ t ’ lt’ lne ’n it s lIn’t ’

( + , I , 1 ) 2
( i + 2 )

2 
(

a~~~
( R )

2 k  

~ 2 
( ‘ I I )

k k  
2111’ ~ m-~ r 

2 
(2 — 5 )

Om

where the average’ V L I t tin ’ of Sil l L I 11(1 e’os
2 

is t akeum I o be’ ~~, ‘t ’i*e ’
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n nft in- m a t n a i l  i n I a t r i x  for the C and S has diagonal elements
( a

2(

((+l)
2
(e +2)

2 ~~~ (~±) 
# orbits 

2RT 2 
~~0m 

(35)

wh e. ’r t’ 2 i ~~~ = k ~ 
-

r

T h i s  g i v e s  the ,JvariLmnce ‘ for a particular C~ or of

= f~~~~~n~t~ 
I 

\
2 

(36 )
(Ui  

~ o rb i t s  \R ~~ n
2
~~~+ l ) ( F + 2)

A gai um , usi n g Kaula ’s uule of thumb ,

— 14 ,14 —6
J = x l 0  -(rn

So ,

‘
~~~nim I 2it RT I j r  \ 1 io

6

‘V4 orbits 2 X 14.14 ‘

Now

- : 3000 K

T = 10 sec ‘~~ 0,0116 rad

H 0 , 1 E

# orbit — 3 nu ionm t i ms 1200 orbits ,

F’ I gure 4 shows a coinpar i  son oil va r ious  th ree— mo umt lm geodesy m m 55 1 o u t - ~ ,

including the current knowledge , counter orbiting satellites (C.O.),

grav ity gi’adiometers (6 ,6.) at diff cm’ en mt al t l tu d€ ’s, and s~it t’li it e—to—

satellit e ’ (S—s ) tracki n g .
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Due to time fac t that time gradiometer yields a derivative iu*easurenument ,

i t  te ’umi ls to amplif y the high f r e q u en c y  components  of time earth ’s gravity

f t e,’ l e h , Thmm ~ Is eviden t in F i g .  4 . ‘l ime g rad iomete r  out per forms  tim e va r—

ious o t lm er  t ’ xper i inu ent s  iii the  imigt m hu m -iu monic r ange ,
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C h a p t e r  V

t~A LMA N F I L T E R I N G  FOR GRAVITY GRADIOMETER AUG ME NTING

INERTIAL NAVIGATION SYSTEMS

A , INTRODUCT I ON

Inertial navigat tori is based on the simple principle that position

is given by the double in t eg r a t ion of a cce l e r a t i on, Acce le romete rs  do

not measure a c c e l e r a t i o n s  themse lves  but measure specific forces which

are defined as all forces acting per unit mass with the exception of the

gravit y force , Hence , in ou’der to obtain true accelerations , the specific

fou-ce due to the gravity must be subtracted from the outputs of the accel—

erolneters , in oilier words , time gravity acceleration must be added :

= (38)

where

a = a c c e l e r a t i o n  of the  v e h i c l e

f = specific force

g = gravity acceleration of the earth ,

C u r r e n t  i n e r t i a l  nav ig a t i o n  sys t ems  use a “ r eference el l ipsoid

model ” t o com pu t e t he g rav i t y a c c e l e r a t i o n  of t h e  e a r t h , given the vehicle

posi t ion , Al t h o u gh time reference ellipsoid model can well approximate

the real gravity field of the earth , the difference is becoming a majom’

en -or source of inertial navigation systems because of rapid hardware

technology advances With accelerometers and gyroscopes [11].

The d i f f e r e n ce between the ac tua l  g r a v i t y  and the  reference e l l i p-

soid model may be expressed in terms of gravity anomaly (‘nagnitude)

and del Lections of the vertical (angular deviation), t 121.

— 31—
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F rom measurements  t a ken  a t  12 5  rim in t e r v a l s  across the 35th parallel

i n  t h e  U n i t e d  S t a tt - s , t h t ’  s t a n d a r d  dc\ i L l t i o n  and t h e  ce r r e l a t i o n  d i s t a n c e .’

of the vertical deflection were detL,-”uined as 5.2  arcscconds and 25 .1 11 1111 ,

respectively [6d b , A .l 9741, The worl dwide verticLi l deflection ensemble

u s  c o n s i d e red  t o  i m L n \ ”  8 arcst ’couid rms and  20 n m i  corrclation distaimcc [ 1 3 ) .

Compensa t  b u m  f I l l ’  t i l e ’ e r rors  C a U s e d  by t h e  g r L l v i  I y de ’f l e . ’c t  10 mm ar i d Lmne )m—

Lil y is one of t he., pu -i umci pLi l appi lea t 111115 of g m ’ Liv i t y  gradi ometem’s curreumt ly

unde r  deve lopment . G r a v i t y  grLmdio n e . ’t e.’rs measeu re gravity gradients wim i cii

are related t o gravity acceleratiomi by the following rclLition:

(39)

w hit ,’ re

F = g r a v i t y  g r a d i e n t  t e n s o r  o f  t i m e  ea r t h

v = v e l o c i t y  o f  l i m e  v e lm i  d c .

Given the g1’avi ty gi’,mdleuml s wit h time velocity LInd t i m e  m i t  i ,u l v L m l t u ( ’ s

of the gravit y , we can m n t e g ra t e  (39) to o b t a in  t ime  g r a v i t y .  However , is

is wel l  known , biLls errors of the g rav i ty  gradiometers  may produce u lmb otrn dOd

p o s i t i e l i m  errors as time increases , Th is fact is eL u s i l y  seen by time f o l l ow-

ing simpl e  exampl e I l l u s t  r a t e d  in Fi g. 5, Assumin g t h a t  only cr1-or s l ii lr e ( ’

is t h e  b ias  of t h i e . ’  g r L u d i o m e t  Cr , t he 1 iiical’ i r ed e r ror  p i- op L lga t  10 ) 11  e q m i a t  ion

fom- a single.’ horizontal channel with Constant speed m,~v be given by

= ( ‘ t a , i )

= \g ( l O b )x

-
~~~~ 

= v . \ l ’  + F ,\v (‘1O~~
’)

x xx xx

whem-c

‘mx ‘mv and  = tnt  im a t i o im  e r rors  e f  pos i t  lou , v~ lo ci t y  am md

gi-avi I y di s t  ui ’ba net ’ , r espec t i v e ’  l v

b ‘m l’ = b i a s  e.’rror of t i m e  g r , I d i a u n e t e i - .xx

— 32— 
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Fe’ r the. ’ sp h e r ic~i I e ’ ,ml’ t ii , t ime ’ v a l  tie (if I is coum s I Limit m d  t ’quLi l  t o

- - 1400 E , whm ( ’l- e’ H i s  liii’ m’~u d i t u s of t h e  e a r t h . S u b s t i t u t i n g  -

f o r  I , we (‘Li i i  intt ’grat e.’ (40) t o  y i e l d
x x

= I + —
~~

- cas(L t + ~‘)  ( - i t L i )

S

‘mv ~~~ + A s i l l ( -  I + ~ ) (41b)

(‘ 115 (
5 t + -,:‘) ( - l i e )

w hit ,’ i.e.’ C and ~‘ LI n’o ’ const unt s di,’ (C r iimj ned by

+ A s i n  = = i n I t  i Lii  vel oid i t  y c i ’  ror

5

A co~ ~‘ = .‘ig i l m i  I ILmi grLlvi t v  e r r o r .
S xO

E q m i a t i o i m  ( ‘I l a )  iim dicat es th at t i m e  p o s i t i on  e.’nl’ ei- du e t o  lhc b i as  of th e. ’

gra d ion i m e ’tcr  becomes onlm b orunded w i t h  C l m e . ’m - e a s i n g  t j une.’ .

In order to )  overcome I h i l s  (Ii If ( ciii ty , He’ll t’i- [ 1 3]  proposed LI met he ’d of

u s i n g  gu ’av i t y  gl’L lchillnme. ’tm ’r L1S LlIm e.’Xtei’uiai a i d  coi imbined w i t i m  LI g r a v i t y  d e t l e c—

l i on  model  . Iii,’ oh I a limed a n imnmb cr  oil iuunue r i  c ,ml re . ’su l  I s  fo r  a s i n g le.’ her  i L’ ( ‘ i i —

I eha mime I , LI SSUI1I 1mg Vi’ b c  i t  y re fe  1-ence’ errol- s , acee.’l crone t e l -  errol’s , LilId

g r , m d i o m ’t e ~ m’ er r o l’s .

In t i m e . ’  f o il  owi u mg s e c  ( l o u i s , we ’ t r y  t a obt ii rm an Lili Ll i v t i  d~m 1 soi iii il _ill for

He l l  e’r 1 S m e ch m i n iz L i t  i on ,  cons i dcr ing  t lie gradlonie  t e n  cr 1-cm’ ,i s t i m e  o n ly  d i l l ’  I ’

source.  Th ,,’n , we e x t  end h i s  m e c h i Lmmm j  ‘?Ll I lorn t o  es t ~ flliI t e.’ t ime b i a s  e’ rr o r  of (h i t ’

grLldi oflnet e.’r ( the. ’ b i I S e’rr e) r i n  t iii s (‘Li St ’  m ea n s  t hit ’ di f fer c ii ce  of l i i i ’ flit’, l i l S

0,f t i me. ’ ~‘ont pu t s  of t i m e ’ gl’il d io i i i l ’t e r  fi -ein t h e  gravity deflection m o d e l ) .

B. SOLI?T t O N  FOR A S IN G L E  IIORI ZONT AI CIIANr( El,

‘l ii ‘ mecim In ( i L l 1  ( t I l l  (‘11115 1 de.’i’e.’d t i e r e ’ i s  t hit ’ saint, ’ as  “ Gl’Lid i onic’ It ’ i- — ,i s — m u m —

e . ’ X t l ’ i ’ i i , I  1 1 ( 1  ( I ; A E A )  i i i  hli ’l l ’i’ [t :11 - ~ o’e’ F i g ,  i~ , flit’ g r a v t i  v o b t a i i l c’eI
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by t he.’ m ’ e ’ f t ’ r e . ’ m m e e . ’  e l l i p so i d  i s  use d l u ’  l i L l v i g a t  i o)fl c olfipti t It iou . E x t e r n a l

ye.’ 1 t IC  i t  C i of o r n m L m  l i o n  is p r o v i d e d  i mm let -ti back f o r m  in  oi’dt’ r to  d ,imp the ’

Scht n i e ’r  ~l ,se.’ i 11 at i oum . Gr,mdiemeter m e a s u r e m e n t s  Lire  combine ’d w i t h i  L I g r a v i ty

del l e e t ion  model  I o i’s I i m a t e  t ime. ’  na~ ’ i g m  t i on t ’r ro r s  v i  a m u st’ of LI Ka 1 m im i f I I —

i t , ’  r , Ti me ’ ve ’t m i cl  e. - s pc’i,’d is  as sunned ( ( 1  be cons t L i I m t

m~~n ou mg v L m r j t ’u s  s t  it  is I i  cml gu ’ vi  ty d e f l e c t  ion inodt ,’l s ~Ht ’ f Ll ’j ,

choose.’ t i m e ’  St ’Ce)fl d orde ’r M L m r k o v  model ath (ci i  i s  sui t L lb l e  lo in Ka l ma n  I i  i t ,  t ’i’

imp i  e. ’me -m mt LI I I tin because’ lime. ’  govel’ni ng eq i m at  ions may be w r i t  t e,’n j i m  t ime . ’  fIll-rn

of 1 i ne.’L u r  d i f f e re n t  j,il e ’ e i o m a t  i c i u m s  g i veum bs’

= - , -g F + ~‘g~~’
(‘12)

= -;‘g~~
’ + ]3W 0

whmcr e.’

F = vcl’t ld ,l 1 d e f l e c t i o n

= aomgunt’Im I e’d St  a l e

= Mai ’kØv p,1rLlme.’t er

W F = zero) mean  w h i t e  noise  w i t h  power specti-al  d e n s i ty  q~~.

and q .  a r e .’ g i v en  by -‘

2 . l46v
D

(43)
-i g 

~rms
=

whi u- , I) ,in~1 .1 i’o ’ t lie c oir e l  a ( i on  di St  L I m m e e  and runs of t im e  ~‘ert j eL l  I
11115

dc ln - ’ct io n r e sp e c t  i v e l y .

ti m t h i s  ‘--ect  io’ui , we conside. ’r t h a t  t ime gi -adioni etem ’ e r ror  is de.’sci- ibee.l

by ,i -, e.’ l’ I ’  nm t , ’ , in white noise - Th e’n ( l ie  m eL i sur e m e n t  equat  ion fiL m y be a pprox I —

m, r t e d  by

Z = ~‘(F — (F ) ) = g F + t ’\ ’xx xx RE g

( I I  Li )
= —~‘g~ + :~g F ‘ -4- t V

- :t~-

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where. ’

= o u t p u t  i ll  gr ’ad i  unmet e r
xx

(F ) = F couim put e ’ d by u s ing  the re fe rence  ell ipsoid model
xx RE xx

= r e r l)  mean w h i i t e . ’  m’mois e . ’  of the g rad i o met e r  w i t h  power sp ec t ri~1

d e n s i t y  V .

V g is g iven by

V = T ,I~F
2 

(44b)g g

where

T = averaging time

= m s  of gr a d io m e t i r ( ‘ 1 10 1 ’ .

l a m ’  simplicit y , and t o m a k e  c l ea r  the  e f f e c t  of the g r a v i t y  d e f l e c t i o n , we

assume t h a t  t ime oTlly p o s i t i on  e r ro r  SOurce is due t g r a v i t y  d c f l e ct b o n .

Then , the error p r o p a g L i t i o n  e q u a t i o n  for a s ing le h o r i z o n t a l  channel may

be w r i t t e n  as

,~i = ,,Iiv

9 
(45)

= -(t” ’mX - ~~~ liv + g5 - s

wile i’c

= external velocity damping coefficient

w = Schulor angu la r  f r equency,

As is c le a r l y  seeum , t ime  g r a v i t y  d e f l e c t i o n , ~~ , and its augummented =~~: te  ~~‘

are observable by t h e gradiometer measurement, but the  navigation e r ro r s  i n

p o s i t i o n  (~lix) and velocity (tv) are not observable.  Hence , we cart con-

s t r u c t  K a l m a n  f i l t e r  fo r  ~ and ~~‘ and h ave the  best e s t ima te s  and

~~‘ given by

p. P.

= -t3g~ + gF,’ + K 1 (Z + v~~g~ - V~’g ~~)

(46)

g? ’~ — PgP’ + K
~~,

(Z + v~~g1 - v]3g~~’)
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= 0
- 

(50)

K
~~ 

= 2(J

’ T 2  
-

, ‘l Im e. ’ coy r i  L m n C t ’  of I hit ’ ,‘ sl iuii at i on e.’u’l’ i ’i ’  of t ime ’ gr ay  i t  y d o -  11 t ’C I ion  P~ 1 5

give.’ui by

P = 
, , ( - T  

- i) 
• (5 1)

~ (~~) 2

e\s t i l e . ’  , l C C i m r L m e ’v of 1110 ’ gI ’ad iomie ’t t ’i ’  iu n p m ’ ove s (\ r  - a 0 or Li - ‘ “) , t I m e.’

* 
g

e r r or e.’( ’ V L I  u j a l i ce  P decre.’ase.’s uni’ui ot oIl i c L i l i  v (Fig. 8 ) — Fe~ u e.’x :mmpl 0’ , leo ’

= 8 1 l’ t, ’S( ’t’ , I) = 21,) n m i  - . imie h v = t oo knmeits , we im avi - I m ciii ( 4 3)
m i s

= 10 .7:3 ( h r  I )

q = 2 . 9 1  (n , nh

‘1’ = 10 ‘-c e.’ , - \I’g = I K , we’ im av e  f res iu  ( - h - I b )

v = ‘1 ,67 \ 10 
7

(hmm ’ ~i)
g

hle ’nc e’ , f mom (‘180) and (51) , we ’ t l , l v i ’

.1 = I 31

= O1-1S .

Tbo ’ n ’ms of I lie e’st  i f l i L i l  I ( i l l  e.’i ’l’ i’i’ i i i  t i l t ’ t’ , ’ i ’ t  I t ’ l l  e h i ’ l ’) e . ’ C I  11111 de’crt’,,se’s I ’

b o u t  I I  1 1 ’  t e’ui t hi ‘f fli n t w i  t l ~m it i t t i m e ’ i ’ ,n i l m ‘ n m e . t ,  - n’ - t l , ’we ’~’e 1’ , L I 1

, ‘ i i e  d m a  1 , 1 ( 1  e ’l ’ i s I  u c  I’ l l  L u p ~’Il’ el , l e .’ l : e ’ S  ( i i  o’ , ’i ’  I h i ll , l u m o l  f l i t ’ i t t  h e r  I p ~ l i ’ l , l t ’ h l I  s
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w ime re

0, ’

ExL m m i n i i m g  (53)  .i ime.1 F i g. lO s we.’ f i  lid t h i o i  I n(’LIr 7,e. ’ l ’e ’ fre.’que’umcy t i m e . ’ powe.’-m’ s p e c —

I i’, ml dens i t  V of t h m t ’  o ’s t  im olt tor i  e r r o r  e,f time.’ gm’om v i t s ’  d e fi  c’ct ion  i s  a l w ay s

I L I1 ’5 e . ’X ’  ( u p  I t )  a l t d  c l i ’  e f  2) t h a i m  . Th is me’a um s t h a t  e.’Ve.’n i f  t i m e  K a l m L m l m

I i i  (ci’ give’s LI 5l110111e. ’i’ covariaumc e us  shown i n  Fig .  8 , i t  does not g i v e . ’  i m —

preived I i m f o r m o i t  I e) 1m ne.’ a i’ / ( ‘ I ’ l l  l’re.’qu e.’ncy , b oi l worse. ’. Henco ’ , wh e’ mm t ime.’  p ui wem-

spc’ct r o m i  d en s i t y  of t h e  gl’, iv i  t y  de flect ion error  a t  S c h u l e r  f r e q u e n c y  is

lar g e r  t hm L in q. , the . ’  covar u ,Ilico ’s of pos i t t  on and ve’loci I v  e r rors  arc  1 Lmrg—

e.’u w i t  hi gr a d i  ome’ 1 e m’s I hm~un w i t  hm eiou t

C . BIA S ESTIMATE

I n  t his s e C t  10)0 , We ma ke.’  a i m  I t t  o’mpt to ex t  end hlo ’l  I e r ’ s m c c h m a n i  7 ;i  I ion

t o  es t i mLu t o’ lime’ bi .15 C r ru l r  of t i m e . ’  g r LI d i  ome I er , i nt reiduc I rig tim 0 ’ b i a s  LO S Liii

Li tl5iile’flt e.’d sI I t  u’  i n  t h e  Kmm lm an f i i  t e.’r di s c t m s se d  in  t i m , ’ pr e.’vi  oi ls s o r t  I mm .

Time.’ bi is e ’ r r ’r in  I im i  S Case ’  me. ’oj mms t Ime’ d i  ffere. ’nce. ’ be’ I w e&’mm t i m e .’- means of I lie.’

out p u t s  of t ime . ’  gm - old i omo ’t e.’ rs Lm mm d t he’ gra y i t  y dcf l  e.’c I ion mode I -

‘l’h e’ me as u re.’nie.’Ii I e. ’qo m a I i  em (44)  m~m y be ’ rv ’wl- i t t  e’im 15

Z = - r~g F. + ,~g L 1 4 vb + vV g

whie’re b is the,’ bi is err ol’ of t i m e  g m a d  I omel e.’r an d t hme Lmd ch i t  ion~i 1 s i L l  t o ’

e . ’ q o iLu  I i  ciii  I s  5 i m pl v

= 0 (, l ,-l )

‘l ’hm e’ f o i l  1 system com im s ists of e q u a t i o n s  ( 4 2 )  , (54) m u d  (55) . I ) m i ’ e.’e.’l a p p !  I —

coi lion of t h e  KLI inulLIn f U t  I’m’ theoi-y t e a  t im i s  pu’ob l C I I  f . m  i i  s , h owe’ve’r , S m m m c c

t he.’ b i , ,~ i s  ,~n o u u m d i s t o i r b a b l e  1111 n e ’ u t r o i l l v  s t a b l e  ~mode. ’ , t Ile ’ K i l m , i i i  t’ i i  t i - u

gou j f l  L ) 5 5 1 t ( ’  i l l  ed w i t  Im I h i  s mnode be. ’conne ’s I I m o  o i f t e r  l i m o ’ i i i i  I (Li i i m m m c e ’ l ’ t  ,i m u l l  iv

d i s ;m p p e . l r s . ‘Fh i~ i s  - ‘ t y p i c a l  e x a m p l e ’  of K . i i m a i m  f i l t e r  d ivi’m’ ge -iio’ , , M u m m y

conrc’s hav e ht’e’um l ) i ’ 0 P 1 1 5 0 t i h ’ e’r t h i s  d i f I ’ i e o n l t y  sin e i m i s  l’ e ’ s I  , m m ’ l i n g , n h i u i m n n u n u
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v .1 1. 1 , 0  i ce.’ o b se r v e ’  m’ s w 1 t i m  c i g e i m v 0 m  1 tIe.’ c o u m s t  r a m  n t  s , adde . ’d noi  Se , p e a l e — s b  i f t  i u ig

and ti s t a b i l i , ’ ,i t m ,e mm wh i chi ire.’ discussed in Bryson (14], Here , we us e

t ime.’ nm -cl i i o le ’s  I .ib i I t - a t  i e . i u m  m u e t i m o d  w i m i c i m  i s  base. ’d on t h e  fact tim ,mt the.’ St t idy —

S t L l l e  K , i l m , u n  f i l t e ’m’ 1111’ a sy s t e m  w i t h  an ( u n d i s t u r b e d )  u n s t a b l e  mode i s

st . mble . ’. ~‘t5  the . ’  am ooi n t  c m l  d e s t a bi l  ii . a t  ion increase’ s , t h e  a b s o l u t e  v a lu e  of

t i m e . ’  e’ i ge ’ iiV, i  1011 ’ , I S ’ - L e l e .’i  m t  e d wi  t i m  t i m e . ’  t in dj s t t m rb e d  model i nc reases  f rom zer o .

hiowe. ’ve.’r , t i l e.’ ,,‘o l V , I  I ’I  , u I I i ’t ’  e.)f time. ’ e’St im o m l i on e r ro r s  i n c r e L o se .’s too . Some nun—

e.’r m coil  i’ - s o i l  I s .m l’e’ ‘- hmow mm iii F’ I g. 8 .mnd Tom b le  I . The power spe d r oil d en s i t y

e l i ’ time.’ 1 1 un a t 10mm e ’l’rol’ c i i  t he.’ grolvi Iy  d e f l e c t  iou was computed  nume. ’r i co m 1 ly

arid s lm owmi in F ig .  lOb , \lthm ough ther e.’ is still a h ump h i ghe.’r t h a n  time. ’ om ’ i g —

m uma 1 t’ . I t Ie.’ q .  , t i m e.’ l~e ’Wo ’ V s p i e l  r Lm 1 de.’ns it y 0
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Ch oupt e’r VI

ESTIMATION OF DISTRIBUTED MASS DENSITY

We.’ i m o i v e  bee.’n t r y i n g  ou c o m p l e t e l y  d i f f e r e n t  w o l v  of process ing g r 0 i d i t t -

m e te r  me. ’as o ur e , ’me.’nt f rom t h i L i t  d isci ,m ss ed in  t he  p r e v i o u s  c h a p t e r .  I n s t e a d

of equation (39) , we use, ’  t ime gx’ Lmd i om e . L t e r  meomsure u m ien t  t o  e s t i m a t e  t h e  m o s s

do ’ n s i t v  d i s t r i b t m t  i o n  of the  0. 0 1 1- t b , t h i en  compu te  t h e  g r a v i t y  f rom t h e  den-

sity distribution . Thi s approoich miot on l y  b r i n g s  imp a ver y  i n t e r e s t in g

p r o b l e m , i . e .,  f i l t e m ’ i u m g  of a d i s t  r i b em t e d  sy s t e n i , b out o n i s o  seems 10 h iv e  t h e

f o l l o w i n g  p ra c t i c a l  o i d v an t l l g e . ’s :

( .1)  Th e b ia s  of t h e  g r a d i o met e r  does not  catu se.’ olii  omm ibou mlded pos i t  i lil

e rn ir  but , ,lt  mo s t , e x c i t e s  t ime Schou l e r  o s c i l l a t i o n . T h i s  i s

b e c a im s i -  bol ii tim e gr .lv i t  y and t h e  g r o m v i  ty  gro id  iem mt  s a ri,’ obt a ined

by s p a t i a l  i m m t e . ’g m ’ a t i o n  of t ime mass  d e n s i ty  and t i m e — i n t e g r a t i o n

of the g r o m d l l m m t ’ t e ’i’ measurement  is not n e e d e d .

( b) Sluice. ’  the statistical model of the m i m a s s  densi~~y distribution is

needed only a t  t h e  boundary , the effect of the model errom ’ i s

sm o m i  1. Fu m ’ thmermo m’ e , thei-e  is l i t t lo  d i f f i c u l t y  iii e x t e n d i m m g  t t i i s

Li ppr ooi ch 1 t ime . ’  Li c t 010 1 1 imiim ea mo gen eooms car t  ii dens l i v  f i e l d .

On t he  ot ime. ’r h an d , o b v i o u s l y  t h i s  m e t h o d  reqtmi l ’eS large.’  c o m p u t e r

compact ly . However , s i u m c e . ’ t ime , ’  col’re ’ l ;I t  j oin d i s t a n c e  of the gravity ~Ie. ’fl e c —

l i o n  is omb out  t w e n t y  u m a c u t i c a l  m i l e s , we do not im ave  t e e  e . ’ s t i m o m t e  t i m e  den—

s it s ’  distribution over large L I r ea s  f o r  i n e r t i a l  n a v i g a t i o n  purposes .  T h i s

f a c t  may re l om x t h e  require ment of t h e  c o m p u t e r  c a p a c i t y .

So f a r , we hmave  derived the’ poirt i ii d if f e . ’r e n t  ia l  equa t ion for the

density distribution and obt ,uined time filtering al goritimm , including dis—

I ribinted Kalman filtei- g u n .  Nunmi ’u-ical calcomlatio rm is in progress.
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(‘ONCI,lIS IONS ANt) I1FX~OI~IIENDA’I’ IONS FOIl l.’Ili fl ’il Eli ST ( I IW

S e. ’ve ’ m , u  I gn ’;cv i t  y m oth ’ i s , m m m d l  ondi m m g

1) I. u ’s-oc ’n ’ ’,iL I m a i ’ u u e i u j i e ’ I l I I l l l l ’ I e,

‘‘I ~~ h i t  1 1 0 1 5 - I L  u l i e l 1 l ime- 1 1 1 1 5 5  node Is

:1) I . l 0 ~ 1 1111 on’eli ’i’ l ’ . l l i e l e i i h i  pu ’u l( ’e’ss m o de l s

lu, ti ’ - be’i ’uI s l o u e h m e ’ci . .\e-o a i’ i,’st n i  t (I i  t i l e . ’  b i d  I l i o l t ( l i e - u t  t o i l  im I v l goi t ell ’ 0 ) , I i ’ e ’

p. m’ t I e,~ i I  b i l l y  semisi I i i i ’  I c ’  w l i t t  l l o ipp e . ’m m s  l e i c o m i  ly , i I Ceitul (I 1)0’ l u l ’ e l V l ’ d  I I  g e l i ’ —

e ’ I I I ’  ly  I h u m  I t l t ’  I e ’” S e ’ ‘ om I l u o i n ’ u i m u ’n m c  uimocio ’l prob n b i v  e.’ rn_ u l oi u m e ’vel’  h e ’  i m p ! e’llle ’llI i ’ d

t i t l e ’ I l l  l i m e ’ 1 o i i ’ gu  umo i mii be ’ m ’ m i f  p o m u ’ u n io ’  t o n i  nie.’ i ’e.le.’oi 1 u  1 1 1 ) 1 8 1 1 1  01 si l l  I , l b l V  o I c c l u i ’ a 1 0 ’

l e ’CL i l g i ’ a V i t V  e.tt ’14 e.’r i p t  ( c l i i .

‘l i i i ’  se ’e. ’ e i n i e l  o l l ’ d , ’ i ’  u ’ , i i m d e i i i i  pm ’ e I e . ’ o~ss nimo ol e’ I W 0 5  S t  ouc h i e ’oI i n  d o t  ~m i I • W~ ’ o h—

I I  lied i i i  111,1 i ’ ~- l  m e . ’  I t  se m i  iii i on i’or lie’ I I e.~i’’ s iim e.’ c h o m m m i  C i t  m c mii (i,I AE.’\) , 0 1 5 - 1 1 m g  a

mm me lr e ’ sun u pi I t ’ m e . e i  pu’ u l h l c ’llm f e l n ’ m n t n ! . l t  j u l 1 1  wl m i cim still ri ’t o m i m m s  t h e . ’  p I n t  i sI-I ’ lm t i o u !

f o i l’ g r o i d  i e m n i i e ’ t  e m -  s t o u t l y . ‘ l i m e’ 5 - I l l  t n t  1 ( 1 1 1  s h u e i w s  t i i o i t  I l ie ’ e.’e ’V , l  i i  ‘l iC e’s c i t  I ho ’

e ’ l ’ i ’ c ’ i’s j u l  ii°s i t  I m i i i  o u u i e l  Vt ’ !  c i i , ’  I I V oml ’(’ 1 ol i ’ go’m ’ I i i o i i m  I i ic lse . ’  0 0 ( 1 1 1 1 1 0 1 1  gi’ o I o l i  h I l l e l i i ’

w t i e. ’um S e. ’h i mm 1 e r  t’ ni ’qli c ’ u m c v  V o l t  I s  to i t  I l i u m  ( h u e ’  b o m n e l w  m c l i i i  of I ho ’ o’~~ t I m om 1 1 ( 1 1 1  e.’r u- l e n ’

I l l  I lu e ’ Vi i’ t i c o i l  i i . ’ f h i t ’t  ( c l i i .

We ’ i x  I e ’u id i ’e l  l I t ’ !  l e m ’ ’ s K I I  I miio i mi f i l l  e ’u -  t o  i ’s I  i f l i o i  Ii ’ I lie.’ i i i  L i 5  e ’ l ’ i ’ ’ m ’  ‘ ‘ I ’ I i u c ’

gr iol  i i  11111 ‘ I i ’  r , u s  I um g t h u  o nm n ei d o i I t1i ’~ t o m b  i i  o i l  i 1111 me.’ I h omol l e e  ,u ‘~‘ e ‘ ( ( I  Koi 1111 ,1 um l’ i I t o ’  u ’

d l  ye’ rgi lice’ ,

P ee j um l niloiss in t l  I j i l t ’  n io i s s  n imc u d i ’ I  5 s t  i i  I ~ l i c c i u I ci 1)0’ e.’e i l i s  I oh m- e e l , c l i i i ’ h e ’

l i me ’  s i n i n h i l  ( c i  I V  W I  lb  whi j~~ i l l i e ’V e.’i~ II e I l ie ’ iunp h ’n ne ’um l e e l , F ou l  i l l ’ ’ ’ w o r k  w i l l

t ’ e ’l m I  .1 1 11 mUuillO ’m- I c L i t i. e ’ s l u  I s  t i o i ’ ~~’et ccii I t l e ’ I ’ c ’  m u s I c ’  i , : .
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i m mi o le ’ i ’  t ’Ili\) L ( e l i ’  i’ l l  11110 , t I m ’, ’ i’~~ I 151 , 1 1 1 0 1 m m  c c l  o i l s  1 1 1  h u t  i ’ti l l i o m s s  e i e ’ m is  01t V , A I l i i i s

pe e l  I l l  , ( l i e ’  Ii  e ’ o ’ I ’ I , ’; , I n ’ ~~’ o u u m , l  l~ ’ t  I e.’. t I w ’l ’ l ~ h i m s  is’ e ’um e ’ c m fl l p l  el  e’d , o c u m d  I’t i l  oum’ e ’ woiu’I ’o

W I  1 1 n i l e . ’ I oit l, ’ I l i I m I i i ’ I - l 0 , 1  i l’ , ’ I - , I n l l ) O .
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nm ost  f o c v e m r a b l e  m e t  i ieids t o  emerge Ire. ’

1) If possible , retroice.’ a given grounndtrack with time gradiometer

in three different oirientomtions .

2) C a l i b r a t e ’  the gromvity gradiometer bias at a fixed location in

many d i f f e .’r e.’nt o r i e n t o u t i o ns  to obtain the bias accurately before

t im e.’ i ns lr u nm e . ’nt  is used Li S a s y s t e m  component .

F m  11 . 1 1  ly ,  t i m e  re. ’sul t s  of u s i n g  a g r a v i t y  g r a d i o m e t e r  to  p e r f o r l m l  a

geodesy nuission ace.’urately are compared with collupeting schemes~ A low

oi’b i I ilmg gromdiommo ’tcu’ appears to be t h e  most e f f e c t i v e  wo m y of o b t a i n i n g

11w,’ t es se t ’al i m o m r u i u c m i c s  emf t he . ’  e a r t h  for  order 40 and above , i. e., t ime  h i g h

fi’equ em mcy compone. ’nt s . In  th e range bel ow time 4 0th  imarmonic , the geodesy

m i s s i o m i  emp l o y i n g  c c l u l m t  em ’ — e ) r b l t i m ’mg d rag  free.’ s a t e l l i t e s  is superiom- . 
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